The analytical and numerical solutions of the response of an inclined cable subjected to external and parametric excitation forces is studied. The method of perturbation technique are applied to obtained the periodic response equation near the simultaneous principal parametric resonance in the presence of 2:1 internal resonance of the system. All different resonance cases are extracted. The effects of different parameters and worst resonance case on the vibrating system are investigated. The stability of the system are studied by using frequency response equations and phase-plane method. Variation of the parameters α 2 , α 3 , β 2 , γ 2 , η 2 , γ 3 , η 3 , f 2 leads to multi-valued amplitudes and hence to jump phenomena. The simulation results are achieved using MATLAB 7.6 programs.
Introduction
Cable structures play an important role in many engineering fields, such as civil, ocean and electric engineering. Arafat and Nayfeh [1] studied the motion of shallow suspended cables with primary resonance excitation. The method of multiple scales is applied to study nonlinear response of this suspended cables and its stability and the dynamic solutions. Some interesting work on the nonlinear dynamics of cables to the harmonic excitations can be found in the review articles by Rega [2, 3] . Nielsen and Kierkegaard [4] investigated simplified models of inclined cables under super and combinatorial harmonic excitation and gave analytical and purely numerical results. Zheng, Ko and Ni [5] considered the super-harmonics and internal resonance of a suspended cable with almost commensurable natural frequencies. Zhang and Tang [6] investigated the chaotic dynamics and global bifurcations of the suspended inclined cable under combined parametric and external excitations. Nayfeh et al. [7] investigated the nonlinear nonplanar responses of suspended cables to external excitations. The equations of motion governing such systems contain quadratic and cubic nonlinearities, which may result in 2:1 and 1:1 internal resonances. Chen and Xu [8] investigated the global bifurcations of the inclined cable subjected to a harmonic excitation leading to primary resonances with the external damping by using averaging method. Kamel and Hamed [9] , studied the nonlinear behavior of an inclined cable subjected to harmonic excitation near the simultaneous primary and 1:1 internal resonance using multiple scale method. Abe [10] investigated the accuracy of nonlinear vibration analyses of a suspended cable, which possesses quadratic and cubic nonlinearities, with 1:1 internal resonance. The nonlinear dynamics of suspend cable structures have been studied with 2:1 internal resonances by the authors [11, 12] . Experimental studies of this problem have been conducted by Alaggio and Rega [13] and Rega and Allagio [14] , however explicit stability regions for the semi-trivial solution have not been calculated analytically. Here, we use a modal model to compute the instability boundary for a range of excitation frequencies close to the 2:1 resonance for an inclined cable, including nonlinear modal interaction. The out-of-plane dynamic stability of inclined cables subjected to in-plane vertical support excitation is investigated by GonzalezBuelga et al. [15] . Perkins [16] examined the effect of one support motion on the three-dimensional nonlinear response. Using the Galerkin method, he constructed a two-degree-of-freedom model to analyze the 2:1 internal resonance. Lee and Perkins [17] extended the work to include second-order perturbations and multiple internal resonances. Still, the focus was on the 2:1 internal resonance, whereas the excitation was changed to a harmonically varying load per unit length acting in the static equilibrium plane. Lee and Perkins [18] also used a three-degree-of-freedom model to simulate non-linear response of suspended, inclined cables driven by planar excitation and determined the existence and stability of four classes of periodic solutions.
Eissa and Sayed [19] [20] [21] and Sayed [22] , studied the effects of different active controllers on simple and spring pendulum at the primary resonance via negative velocity feedback or its square or cubic. Sayed and Hamed [23] studied the response of a two-degree-of-freedom system with quadratic coupling under parametric and harmonic excitations. The method of multiple scale perturbation technique is applied to solve the non-linear differential equations and obtain approximate solutions up to and including the second-order approximations. Sayed and Kamel [24, 25] investigated the effects of different controllers on the vibrating system and the saturation control to reduce vibrations due to rotor blade flapping motion. The stability of the obtained numerical solution is investigated using both phase plane methods and frequency response equations. Amer and Sayed [26] , studied the response of one-degree-of freedom, non-linear system under multi-parametric and external excitation forces simulating the vibration of the cantilever beam. Variation of some parameters leads to multi-valued amplitudes and hence to jump phenomena. Sayed et al. [27] , investigated the non-linear dynamics of a two-degree-of freedom vibration system including quadratic and cubic non-linearities subjected to external and parametric excitation forces. The stability of the system is investigated using both frequency response curves and phase-plane trajectories. The effects of different parameters of the system are studied numerically.
This work deals with model having two-degree-offreedom nonlinear system subjected to external and parametric excitation forces describes the vibrations of an inclined cable. The method of multiple scales perturbation is applied to obtain modulation response equations near the simultaneous principal parametric resonance in the presence of 2:1 internal resonance ( 2 2 2   and
The stability of the proposed analytic nonlinear solution near the above case is studied and the stability condition is determined. The effect of different parameters on the steady state response of the vibrating system is studied and discussed from the frequency response curves. The numerical solution and chaotic responses of the nonlinear system of an inclined cable for some different parameters are also studied. A comparison with previously published work is included.
Mathematical Analysis
Our attention is focused on an elastic-sag hanging at fixed supports and excited by harmonic and parametric distributed vertical forcing in plane. The two-degree-offreedom describing the nonlinear dynamics of cable shown in Figure 1 , can be written as: 
where x and denote in-plane and out-of-plane displacements, respectively, and dots denote derivatives with respect to the time t. The parameters 1 
The parameters (3)- (4) can be obtained using the method of multiple scales [28] . Let 
( , , )
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where, n n T t   (n = 0, 1, 2) are the fast and slow time scales respectively. In terms of 0 and , the time derivatives transform according to
where n n . Substituting Equations (5)- (6) and (7) into Equations (3)- (4) and equating the coefficients of similar powers of  in both sides, we obtain the differential equations as follows: 
2 2D 
The solution of Equations (8)- (9) can be expressed in the complex form:
where cc denotes the complex conjugate of the preceding terms and A , are complex functions in 1 and 2 T which determined through the elimination of secular and small-divisor terms from the first and second-order of approximations.
B T
In this case, we analyze the case where 2 (14)- (15) into Equations (10)- (11) and eliminating the secular terms leads to the solvability conditions for the first-order expansion as:
After eliminating the secular terms, the particular solutions of Equations (10)- (11) are given by:
Now substituting Equations (14)- (15) and Equations (18)- (19) into Equations (12)- (13), the following are obtained 
and NST stands for non-secular terms. Eliminating the secular terms leads to the solvability conditions for the second-order expansion
Stability Analysis of Nonlinear Solutions
From Equation (7), multiplying both sides be 1 2 , i 2 2i we get
To analyze the solutions of Equations (16)- (17) and Equations (22)- (23), we express A and in the polar form
where a , b and ( 1,2 s s )   are the steady state amplitudes and phases of the motion respectively. Substituting Equations (26), (16)- (17) and Equations (22)- (23) into Equations (24)- (25) and equating the real and imaginary parts we obtain the following equations describing the modulation of the amplitudes and phases: 
where   2  3  7  2 3  8  9  1 0  3  2  2  2  2   2  2  2  2  5  6  7  8  1  2  3  4   1  1 1  2  2  2 1  1  2   1   ,  8  8  32  32 , ,
Form the system of Equations (27)-(30) to have stationary solutions, the following conditions must be satisfied:
It follows from Equation (31) that
Hence, the steady state solutions of Equations (27) 5  2 3  6  2  2 2  1  2  3  2  2  1  1  1   1  1 2   ,  ,  8  8  4  16 8 
The system of Equations (41)-(44) are first order autonomous ordinary differential equations and the stability of a particular fixed point with respect to an infinitesimal disturbance proportional to exp( ) t  is determined by eigenvalues of the Jacobian matrix of the right hand sides of Equations (41)-(44). The zeros of the characteristic equation are given by
where, and are functions of the parameters (   1  2  3  2  2  3  2  3  2 1  1  2   2 1 2   1  2  3 , ,
According to the Routh-Hurwitz criterion the necessary and sufficient conditions for all the roots of Equation (45) to possess negative real parts are:
(46) The system is stable if the eigenvalues have negative real parts, otherwise is unstable. In the frequency response curves, solid/dotted lines denote stable/ unstable periodic responses, respectively.
Results and Discussion
The response of the two-degree-of-freedom nonlinear system under both parametric and external excitations is studied. The solution of this system is determined up to and including the second order approximation by applying the multiple time scale perturbation. The steady state solution and its stability are determined and representative numerical results are included. The stability zone and effects of the different parameters are discussed using frequency response curve. The stability of the numerical solution is studied also using the phase-plane method. Some of the resulting resonance cases are confirmed applying well-known numerical techniques. The effects of the some different parameters on the vibrating system behavior are investigated and discussed. For increasing the amplitude of the external or parametric excitation forces f 1 or f 2 , we observe that the modes of vibration have increasing magnitudes and there exist chaotic dynamic motion as shown in Figures 4 and 5. 
Numerical Solution

Frequency Response Curves
The frequency response Equations (38)-(39) are nonlinear algebraic equations in the amplitudes of the system (in-plane mode) and b (out-of-plane mode). The stability of a fixed point solution is studied by examination of the eigenvalues of Equation (45). The numerical results of Equations (38)  . In Figure 7 (a), we see that each mode of the inclined cable has one continuous curve and single valued solution and it is symmetric about the origin and it is noticed that the in-plane mode reaches maximum value at 2 0   and the out-of-plane mode reaches minimum value at the same value of 2  . Also, it intersects in two points and these modes have stable and unstable solutions. From Figure 7 (b), we observe that for increasing parametric excitation force f 2 the symmetric branch moves up with increased magnitudes and the region of stability is increased. For increasing nonlinear parameter 3  , we note that the amplitudes of the two modes of the inclined cable have decreasing magnitudes and increasing stable solutions, as shown in Figure 7(c) . The steady state amplitudes of the two modes are increasing for decreasing nonlinear parameter 3  as shown in Figure 7(d) . Also, the region of stability solutions is increased. From Figure 7(e) we observe that the steady state amplitudes a and b of the two modes are increasing for decreasing value of nonlinear parameters 3  respectively with increasing stable solutions. The stability solution is decreasing as the nonlinear parameter 2  is increase and the curves are shifted to the right and has hardening phenomena and there exists jump phenomena, as shown in Figure 7(f) . Figure 8 represent force-response curves for the nonlinear solution of the case of simultaneous principal parametric resonance in the presence of 2:1 internal resonances. In this figure the amplitudes of the inclined cable are plotted as a function of the parametric excitation force f 2 . Figure 8 shows that the response amplitudes of the inclined cable have a continuous curve and the curve has stable and unstable solutions.
Comparison with Published Work
In comparison with the previous work [8] studied the nonlinear behavior of an inclined cable subjected to harmonic excitation near the simultaneous primary and 1:1 internal resonance by using multiple scale method. In this paper, periodic and chaotic response of a discretization two-degree-of-freedom model of a suspended inclined cable, containing a 2:1 internal resonance, subject to harmonic external and parametric excitation are obtained. The stable/unstable periodic solutions are determined using the method of multiple scale and are presented through frequency response plots. Chaotic responses are determined by numerical integration of the governing ordinary differential equations of motion. Variation of the parameters 2 3 2 2 2 , , , , ,      
Conclusions
Cables are very efficient structural members and hence have been widely used in many long-span structures, including suspension, roofs and guyed towers. The nonlinear dynamic response of the nonlinear system subjected to external and parametric excitations is investigated. The method of multiple scales is applied to obtain the solution of the considered system up to second order approximation. The numerical solutions and chaotic response of this nonlinear system are investigated. The stability of the proposed analytic nonlinear solution is studied at worst resonance case which is the simultaneous principal parametric resonance in the presence 
  
   we note that the steady state amplitude is increased to about 130% compared to basic case with multi-limit cycle, and it is better to avoid this resonance case as working conditions for the system.
2) The steady state amplitude of the system are increasing for increasing external or parametric excitation force, and for large values of the system become unstable.
3) Variation of α 2 , α 3 , β 2 , γ 2 , η 2 , γ 3 , η 3 , f 2 leads to multi-valued amplitudes and hence jump phenomena. 4) For increasing parametric excitation force f 2 or negative value of the nonlinear parameter γ 3 we observe that the steady state amplitudes of the two modes are increasing with increasing instability solutions. 5) Increasing of the nonlinear parameters η 3 or γ 3 can reduce the amplitude of the system and obtain the effect of reduction of the amplitude. 6) Variation of the parameter α 2 leads to multi-valued amplitudes and hence to jump phenomena. 7) For increasing parametric excitation force f 2 or decreasing nonlinear parameter α 3 we show that the steady state amplitudes of the two modes are increasing.
For increasing nonlinear parameter η 3 we note that the steady state amplitudes of the two modes are decreasing with decrease of the stability solutions.
